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Abstract
We develop an algorithm that simultaneously achieves privacy and fairness for the contextual
linear bandit problem where candidates are associated with sensitive groups. In particular, we
modify Grazzi et al.’s Fair-Greedy policy [GAF+22], which satisfies demographic parity at each
round and obtains a high probability upper bound on fair pseudo-regret, to additionally achieve
joint differential privacy (JDP). Our augmented policy incorporates differentially private steps
for regression and rank estimation. We prove that the private and fair algorithm is (ε, δ)-JDP
and evaluate its fairness and performance in experiments with U.S. Census data. We show
empirically that the policy achieves sub-linear fair pseudo-regret, though the addition of noise
leads to clear degradation of performance even under a longer horizon.

1 Introduction
In the classic multi-armed bandit (MAB) problem, a single agent aims to rapidly identify the op-
timal action (traditionally, arm) from a set of K alternatives by iteratively selecting among them
and receiving noisy feedback. This well-studied framework for sequential decision-making under
uncertainty has widespread applications across dynamic pricing, recommendation systems, and
healthcare [Tho33; LS20; Sli+19; SB18; BC+12].

In many settings, underlying assumptions about the environment may change from round to round,
affecting the associated reward. In the contextual bandit problem, the agent observes a context at
the start of round t, with the reward dependent on both the context and the selected action. If
no additional structure is assumed (i.e., the rewards of arms under different contexts are entirely
independent), then the contextual bandit problem requires learning a bandit-per-context. In or-
der to facilitate learning transfer between contexts, the contextual linear bandit problem uses the
context to map each action, or arm, to a known feature vector. The reward associated with each
action then depends on the same linear function of this feature.

Consider the following motivating example. An employer sequentially (during each successive re-
cruitment cycle) hires a single applicant from an evolving pool of K candidates, each of whom can
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be featurized based on their application. Upon candidate selection, the employer receives a scalar
reward based on the new hire’s performance, which we assume depends linearly on their featurized
application. Though the employer cannot know how well each candidate will perform a priori, they
can learn expected performance by evaluating similar candidates who were hired previously.

Recently, analyses of machine learning methods have expanded beyond the traditional lens of per-
formance and complexity optimization to incorporate additional desiderata. Fairness and privacy
are two intuitively appealing goals. Both are immediately applicable to our motivating example:
if candidates belong to sensitive demographic groups, an employer may want to utilize a “fair”
algorithm that treats candidates similarly across groups. Furthermore, the behavior of the learn-
ing algorithm should not reveal sensitive information about past candidates when the algorithm is
deployed.

1.1 Our Contributions
In this paper, we develop a fair and private algorithm for the contextual linear bandit problem. To
do so, we utilize definitions from the well-established fields of algorithmic fairness and differential
privacy (DP). Specifically, we present the Private-Fair-Greedy algorithm, which simultaneously
pursues group meritocratic fairness (GMF), where the algorithm learns to pick the presented candi-
date with the highest relative rank among its sensitive group, and joint differential privacy (JDP),
where actions at time t′ ̸= t have limited dependence on the candidates presented at time t. Though
prior work has considered the contextual linear bandit problem under GMF and JDP separately
([GAF+22] and [SS18], respectively), ours is the first approach to consider these desiderata jointly.
We follow our presentation of the Private-Fair-Greedy algorithm with a theoretical proof of its
privacy guarantees and empirical simulations that compare its performance under the GMF criteria
to Grazzi et al.’s non-private Fair-Greedy algorithm [GAF+22] and the standard OFUL algorithm
introduced by Abbasi-Yadkori et al. [APS11].

The rest of the paper is organized as follows. After a review of related work in Section 2, we present
our problem setting, including mathematical definitions for GMF and JDP, in Section 3. Section
4 presents our learning algorithm, Private-Fair-Greedy, while Section 5 discusses its JDP guar-
antee. Finally, we include empirical simulations of algorithmic performance in Section 6 and offer
concluding thoughts in Section 7.

Notation. We use k to index the arms of the bandit and t for the time step. We denote by ⟨·, ·⟩
the Euclidean inner product and by [N ] the set {1, . . . , N} where N ∈ N is a natural number.
We use {xi}i∈I as notation for the set {xi|i ∈ I} and, similarly, {xi}Ni=1 for {xi|i ∈ [N ]}. Given
S = {xi}i∈I , we also denote the set S \ xi as S−i.

2 Related Work
Contextual Linear Bandits. The contextual linear bandit problem dates to the turn of the
century [ABL03; Aue02]. Li et al. offer a foundational regression-based approach for learning in
this setting, estimating a preference vector using the agent’s past interactions and then selecting
the action with the highest probability of being optimal [LCL+10]. As is common in the bandit
literature, their probability calculation incorporates an optimism term based on their confidence
in the regression estimate. The OFUL algorithm of [APS11] improves upon this approach by con-
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structing tighter, elliptical confidence intervals around the regression estimate.

Algorithmic Fairness and Fairness for Multi-Armed Bandits. Algorithmic fairness, which
has emerged as a field within machine learning, evaluates algorithmic decision-making based on
various mathematical formulations of fairness. Individual fairness defines fairness as the mapping
of similar individuals to similar outcomes in the context of classification tasks [Dwo06; DHP+11;
LRD+17]. In contrast, group fairness depends on the categorization of individuals given sensitive
attributes such as race, gender, or socioeconomic status [DHP+11; HPP+16; KLR+18]. Demo-
graphic parity is a measure of group fairness that calls for the probability of choosing a candidate
from a given sensitive group to be the same across all groups [DHP+11]. In the contextual linear
bandit setting, [GAF+22] introduces group meritocratic fairness (GMF) as a definition of group
fairness based on the notion that candidates should be evaluated in terms of their relative perfor-
mance compared to others from the same sensitive group. Specifically, a GMF policy is one that,
at each round, selects the candidate with the highest relative performance, or relative rank, within
its sensitive group.

Differential Privacy. Differential privacy (DP) is a mathematical guarantee of individual pri-
vacy that maintains the requirement that an adversary should not be able to identify whether any
given individual’s data in a dataset is changed arbitrarily [DN03; Dwo06]. Mathematically, an
ε-DP algorithm is one in which the distribution of outputs remains close for inputs differing on
only one individual; equivalently, the “privacy loss” for each individual is bounded by ε. In our
paper, we utilize two major relaxations of pure DP: approximate (ε, δ)-DP characterizes mecha-
nisms that satisfy ε-DP with probability 1− δ, and ρ zero-concentrated DP (zCDP) allows for 2ρ
sub-Gaussian (but potentially unbounded) privacy loss [DKM+06; BS16]. Finally, DP has also
been studied under settings of continual observation and applied repeatedly in the bandit context
[DNP+10; TD16; HH22; HGF+24; SS18]. Most notably, Shariff and Sheffet give a differentially
private algorithm for contextual linear bandits [SS18].

Joint Examination of Fairness and DP. Past work on differential privacy and fairness has
progressed largely independently. In supervised learning, however, recent theoretical results have
highlighted an important conflict between the concepts of privacy and fairness. [CGK+19] and
[Aga21] demonstrate that, under pure ε-DP and strong notions of group fairness, no algorithm
can achieve non-trivial accuracy. Relaxed definitions of fairness and privacy, however, may be
achieved jointly. [GA24] introduces a private and fair learning algorithm for binary classification.
In the bandit space, [SGJ24] introduces a federated contextual bandit algorithm with formal DP
guarantees and fairness constraints, though its notion of fairness focuses on exposure parity across
actions rather than within-group merit. Moreover, its privacy guarantees are for information shared
across agents, rather than over played actions and observed rewards.

3 Problem Formulation
Consider a contextual linear bandit problem with K arms. At each time step t ∈ [T ], the agent is
presented with a context ct that defines a decision set of K feature vectors

Dt := {ϕ(ct, k)}k∈[K] = {Xk,t}k∈[K]

with ϕ(ct, k) = Xk,t ∈ Rd for some dimension d. Each feature vector is associated with reward
yk,t = ⟨Xk,t, θ

∗⟩ + ηk,t, where θ∗ is an unknown preference vector and ηk,t is a sub-Gaussian and
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zero-meaned random scalar. The agent selects action kt ∈ [K] and observes the noisy reward ykt,t.

In the standard contextual linear bandit problem, the goal of the agent is to maximize the expected
cumulative reward

∑T
t=1⟨Xkt,t, θ

∗⟩ or, equivalently, minimize the expected cumulative regret

T∑
t=1

(
max
k∗∈K

⟨Xk∗,t, θ
∗⟩ − ⟨Xkt,t, θ

∗⟩
)
,

defined as the difference in reward between the chosen policy and the optimal, where the latter is
assumed to know the preference vector θ∗. If feature vectors represent individuals who are affiliated
with sensitive groups, however, standard regret minimization may be incompatible with traditional
notions of group fairness: a regret-minimizing policy may always or overwhelmingly select candi-
dates from the same sensitive group, treating members of other groups ‘unfairly’. Indeed, it may not
even be possible to compare individuals from different groups in an intuitively fair way. Therefore,
we seek a learning algorithm that selects candidates who are most performant as compared only to
others from their own group.

Formally, we assume that each arm k ∈ [K] is associated with a fixed sensitive group with unknown
distribution Xk. At each time step t, candidate ϕ(ct, k) = Xk,t is drawn independently from Xk

for every k ∈ [K]: the context ct uniquely defines which element from each group is presented to
the agent. Then, ⟨Xk, θ

∗⟩ is the true reward distribution for group k. We denote its cumulative
distribution function as Fk: Fk(y) = P(⟨Xk, θ

∗⟩ ≤ y) for all y ∈ R. Our fairness definition is based
on the relative rank of each candidate x, defined as Fk(⟨x, θ∗⟩). The relative rank of x is thus
the probability that another element from its sensitive group gives lower reward. Note that higher
relative rank is associated with more performant candidates.

Definition 1 (Group Meritocratic Fairness [Definition 3.1 of [GAF+22]]). A policy {kt}Tt=1 is group
meritocratic fair (GMF) if, for all t ∈ [T ] and k ∈ [K], the relative rank of the chosen candidate
Xkt,t is greater than that of all others in the decision set Dt. That is, for all t ∈ [T ] and k ∈ [K],

Fkt(⟨Xkt,t, θ
∗⟩) ≥ Fk(⟨Xk,t, θ

∗⟩).

Given that both the Fk distributions and the θ∗ preference vector are unknown, this fairness notion
is impossible to satisfy uniformly over time. Instead, the goal of the fair contextual linear bandit
setting is to design algorithms that learn to be fair. In particular, we minimize the following fair
pseudo-regret definition:

Definition 2 (Fair Pseudo-Regret [Definition 3.2 of [GAF+22]]). Let T ∈ N be the time horizon,
{kt}Tt=1 the chosen policy, and {k∗t }Tt=1 a GMF policy. Then, the cumulative fair pseudo-regret is

R(T ) :=
T∑
t=1

(
Fk∗t

(⟨Xk∗t ,t
, θ∗⟩)−Fkt(⟨Xkt,t, θ

∗⟩)
)
.

Any policy with sub-linear fair pseudo-regret (with respect to T ) learns to be GMF.

Remark 3.1 (GMF Policies Satisfy Demographic Parity). In addition to assuming that Xk,t are
identically and independently sampled from Xk, we also consider Xk independent from Xk′ when
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k ̸= k′ ∈ [K]. Then, for all t ∈ [T ], the relative ranks {Fk(⟨Xk,t, θ
∗⟩)}k∈[K] are identically and inde-

pendently distributed as uniform within [0, 1] by the probability integral transform. Every GMF policy
therefore satisfies (history-agnostic) demographic parity: given a history Ht := ∪ti=1{Di, yi, kt}, we
have P(k∗t = k) = P(k∗t = k|Ht−1) = 1/K for any GMF policy {k∗t }k∈[K]. This key property has
important implications for algorithmic design, which we discuss in detail in Remark 4.1.

Even a GMF policy, however, can violate the privacy of observed and selected individuals. In the
context of our motivating example, adversaries can collaborate to learn candidate information and
the true performance of past hires based on an employer’s subsequent decisions. Standard differ-
ential privacy notions are incompatible with MAB algorithms because the action of any optimal
policy at time t is highly dependent on the dataset Dt. We therefore rely on the definition of joint
differential privacy introduced by [KPR+15]. Roughly, a mechanism is jointly differentially private
(JDP) if, at every time step t, the joint distribution of outputs for steps t′ ̸= t is stable with respect
to differences in the dataset at time t.

More formally, let zt = {yk,t}k∈[K] be the set of possible rewards across all arms associated with
dataset Dt. We say two complete data histories T = {Dt, zt}t∈[T ] and T ′ = {D′

t, z
′
t}t∈[T ] be t-

neighbors if it holds that (Dt′ , zt′) = (D′
t′ , z

′
t′) for all t′ ̸= t and (Dt, zt) and (D′

t, z
′
t) differ by up to

a single tuple (Xk,t, yk,t) for some specific k ∈ [K]. That is, T and T ′ are adjacent if they differ by
only a single candidate across all t ∈ [T ] and k ∈ [K], specifically at time t.

Definition 3 (Joint Differential Privacy [Definition 6 of [KPR+15]]). A randomized algorithm A
is (ε, δ)-jointly differentially private if, for any t, any t-neighboring histories T and T ′, and any
set of T − 1 actions B ∈ [K]T−1, it holds that

P(A(T )−t ∈ B) ≤ eεP(A(T ′)−t ∈ B) + δ.

At first glance, it may not be immediately clear how to reconcile this definition with our formulation
for the fair contextual linear bandit problem, as the MAB agent at time t has access only to
(D1, yk1 , . . . ,Dt−1, ykt−1 ,Dt) and not the complete data history. Nevertheless, any MAB algorithm
can be formulated as taking in the complete history, restricting itself to make decisions based on
only the information that is observable, and finally outputting a set of actions {kt}Tt=1. Definition 3
thus guarantees that the joint distribution over actions for time steps t′ ̸= t for any MAB algorithm
satisfying JDP is stable with respect to differences in the candidate set at time t. In contrast to
group meritocratic fairness (Definition 1), which is not immediately satisfiable, we impose JDP as
a hard constraint for our proposed algorithm.

4 The Private-Fair-Greedy Policy
We present the Private-Fair-Greedy policy. At each time step, the algorithm utilizes past data
to compute a private regression estimate of the agent’s preference vector, which it uses to further
privately estimate the relative rank of available candidates. It then acts greedily, selecting the
candidate with highest relative rank at each time step. Private-Fair-Greedy thus differs from
the Fair-Greedy algorithm of [GAF+22] in its use of differentially private techniques for regression
and rank estimation rather than standard ridge regression and simple counting. We discuss these
steps in greater detail in Sections 4.1 and 4.2. The pseudocode for Private-Fair-Greedy is given
in Algorithm 1.
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Algorithm 1 Private-Fair-Greedy
Input: Time horizon T , privacy parameters ε and δ, boundedness parameter L̃, hyperparameters

αε and αδ, and algorithms Private-Regression and Private-Rank-Estimation.
1: Define εreg = ε · αε, δreg = δ · αδ, εrank = ε− εreg, and δrank = δ − δreg.
2: for all t ∈ [T ] do
3: Receive Dt = {Xk,t}k∈[K].
4: Set t̃ = ⌊(t− 1)/2⌋, X1:t̃ = (Xk1,1, . . . , Xkt̃,t̃

)⊤, y1:t̃ = (yk1,1, . . . , ykt̃,t̃), and
Dt̃+1:t = (Dt̃+1, . . . ,Dt).

5: Calculate
θ̂t̃ ← Private-Regression(X1:t̃, y1:t̃, εreg, δreg, T )

6: For each k ∈ [K], calculate

F̂k,t(⟨Xk,t, θ̂t̃⟩)← Private-Rank-Estimation(Dt̃+1:t, θ̂t̃, εrank, δrank, T ).

7: Sample action
kt = argmax

k∈[K]
F̂k,t(⟨Xk,t, θ̂t̃⟩).

8: Observe noisy reward ykt,t = ⟨Xkt,t, θ
∗⟩+ ηt.

9: end for

We manage the total privacy budget for the private algorithm by dividing ε and δ between the
regression and relative rank estimation tasks. Then, our private regression and private rank es-
timation subroutines each allocate their respective budgets across the T time steps, as discussed
in Sections 4.1 and 4.2. To justify this two-step, independent division, we rely on a continual
composition theorem that shows that interactive continual tasks share the privacy guarantees of
non-interactive tasks [HSV25]. This is necessary because our regression and rank estimation steps
are intimately interleaved. We discuss the joint differential privacy guarantee of our algorithm in
greater detail in Section 5.

Remark 4.1 (Exploration in the Private-Fair-Greedy Algorithm). One key principle that our
Private-Fair-Greedy algorithm inherits from the Fair-Greedy approach of [GAF+22] is its greedy
selection of the action with the highest estimated relative rank (Step 7). Most bandit algorithms
explicitly avoid greediness in order to appropriately balance exploration and exploitation. The
LinUCB and OFUL algorithms developed for the standard contextual linear bandit problem, for
instance, maintain an elliptical confidence set around their regression estimate θ̂ that is wider in
directions of greatest uncertainty [LCL+10; APS11]. By optimizing over all vectors within this set,
the algorithms thus encourage actions in under-explored directions to prevent rapid convergence to a
locally optimal but globally sub-optimal solution. As discussed in Remark 3.1, however, every GMF
policy satisfies demographic parity: it selects an arm k ∈ [K] with equal probability in each round t
(unconditioned on Dt). There is thus no tension between exploration and exploitation. Therefore,
unlike standard bandit architectures, the fair contextual linear bandit problem offers exploration for
free, since an optimally fair algorithm is also maximally exploratory.
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4.1 Continually Private Regression
In this section, we detail our technique for privately estimating the preference vector θ∗ based on
the feature vectors X1:t̃ and rewards y1:t̃ (Step 5 of Algorithm 1). Note that a non-private closed
form solution for the associated linear ridge regression problem is

θ̂
(np)

t̃
= (X⊤

1:t̃
X1:t̃ + λId)−1X⊤

1:t̃
y1:t̃,

where λ is a regularization parameter. Intuitively, a private version of the regression must therefore
add appropriate noise to both X⊤

1:t̃
X1:t̃ and X⊤

1:t̃
y1:t̃. Then, the resulting regression estimate will

also be private by immunity to postprocessing.

We define A :=
[
X1:T y1:T

]
∈ RT×(d+1) with At̃ holding the top t̃ rows of A. Let Mt̃ = A⊤

t̃
At̃.

Then, X⊤
1:t̃
X1:t̃ is the top left d × d sub-matrix of Mt̃, and X⊤

1:t̃
y1:t̃ makes up the first d entries of

its last column. To perform a private regression, we thus need to maintain a noisy estimate of only
Mt̃. To do so, we note that Mt̃ is an incrementally updated sum of the data at individual time
steps since

Mt̃+1 = Mt̃ +
[
X⊤

kt̃,t̃
yt̃

]⊤ [
X⊤

kt̃,t̃
yt̃

]
.

We can therefore use techniques from the framework of continual differential privacy to minimize
noise addition. Specifically, we use the tree-based mechanism outlined in [CSS11] and [DNP+10],
with the ith leaf of the tree storing

[
X⊤

ki,i
yi
]⊤ [

X⊤
ki,i

yi
]
. Each node maintains a noisy sum of

the data stored in its subtree (i.e., a privacy-preserving intermediate sum Mi:j for some i and j).
Since any cumulative sum can be obtained by combining at most m = 1 + ⌈log(T/2)⌉ intermedi-
ate values (recall, the regression at time t uses the first t̃ ≤ t/2 time steps), we are thus able to
achieve O(εreg/

√
log T ) noise for each Mt̃ rather than the O(εreg/

√
T ) factor offered by standard

(non-continual) composition theorems.

Specifically, it suffices to preserve (εreg/
√
8m ln(2/δreg), δreg/2m)-differential privacy at each node.

We therefore add Gaussian noise with variance

σ2
noise := 16mL̃4 ln(4/δreg)

2/ε2reg

to each coordinate of the stored matrix, where L̃ is an upper bound on the norm of any
[
Xkt̃,t̃

yt̃

]
.

That is, we sample Z ′ ∈ R(d+1)×(d+1) with Z ′
i,j ∼ N (0, σ2

noise) independently and add Z = (Z ′ +

Z ′⊤)/
√
2 to each intermediate sum. To ensure that the resulting Mi:j matrix remains positive

semi-definite with high probability, we also shift by 2ΓId+1 with

Γ := σnoise
√
2m(4

√
d+ 2 ln(2T )).

Detailed pseudocode for the tree-based continual DP solution can be found in Algorithm 2 of
[CSS11] and more information on our Gaussian noise derivation can be found in Section 4.2 of
[SS18]. We thus formalize the DP guarantee of this continually private regression technique in
Lemma 4.1, which follows from [SS18] and post-processing:

Lemma 4.1 (Private Regression is Private). The sequence {θt̃}
t̃max

t̃=1
where t̃max = ⌊(T − 1)/2⌋ is

(εreg, δreg)-DP with respect to the complete data history T = {(Dt, zt)}Tt=1.
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4.2 Private Relative Rank Estimation
We outline the Private-Rank-Estimation step of Algorithm 1, which produces a private estima-
tion of relative rank for each arm at every round (Step 6). We observe that the non-private method
of estimating relative rank presented by [GAF+22] simply counts the number of past candidates
from the same sensitive group who have lower reward than the given candidate, with rewards es-
timated using the regression estimate θ̂t̃. To privatize the relative rank of each candidate, it thus
suffices to add appropriate Gaussian noise to the counting query.

More precisely, for each arm k, the non-private relative rank estimate at time t is:

F̂
(np)
k,t (⟨Xk,t, θ̂t̃⟩) =

1

t− 1− t̃

t−1∑
s=t̃+1

1{⟨Xk,s, θ̂t̃⟩ ≤ ⟨Xk,t, θ̂t̃⟩}.

This is a simple count query of 1’s divided by the known partial history length Nt = (t− 1)− t̃, so
we use the Gaussian mechanism for zero-concentrated differential privacy (zCDP) to privatize the
mean estimation at each time step [BS16]. Specifically, we define

σt =

√
T

2N2
t ρrank

where
ρrank =

(√
log(1/δrank) + εrank −

√
log(1/δrank)

)2
,

and release the private rank estimate

F̂k,t(⟨Xk,t, θ̂t̃⟩) = F̂
(np)
k,t (⟨Xk,t, θ̂t̃⟩) +N (0, σ2

t ) (1)

for each k ∈ [K].

Lemma 4.2 (Private Rank Estimation is Jointly Differentially Private). The sequence
{{F̂k,t(⟨Xk,t, θ̂t̃⟩)}k∈[K]}t∈[T ] of rank estimates is (εrank, δrank)-JDP with respect to the complete data
history T = {(Dt, zt)}Tt=1.

Proof. By our definition of adjacency (see Definition 3), neighboring data histories differ only in
a single tuple (Xk,t, yk,t) across all k ∈ [K] and t ∈ [T ]. By parallel composition, as defined
in [McS09], it therefore suffices to show that {F̂k,t(⟨Xk,t, θ̂t̃⟩)}t∈[T ] is (εrank, δrank)-JDP for each
k ∈ [K] individually.

Let k ∈ [K] be fixed. Given some t ∈ [T ], our private rank estimation outputs F̂k,t(⟨Xk,t, θ̂t̃⟩) as
in (1). Since indicators are in {0, 1}, the sensitivity of F̂k,t(⟨Xk,t, θ̂t̃⟩) is ∆qt = 1/Nt. Therefore, by
Proposition 1.6 of [BS16], F̂k,t(⟨Xk,t, θ̂t̃⟩) is ρ0-zCDP for

ρ0 =
1

2σ2
t ·N2

t

=
ρrank
T

.

By the composition properties of zCDP, then, the sequence {F̂k,t(⟨Xk,t, θ̂t̃⟩)}t∈[T ] is ρrank-zCDP
(Lemma 1.7 of [BS16]).
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We note now that a ρrank-zCDP mechanism is (ρrank + 2
√
ρrank log(1/δ), δ)-DP for any δ > 0 by

Proposition 1.3 of [BS16]. Let υ = log(1/δrank). Then, {F̂k,t(⟨Xk,t, θ̂t̃⟩)}t∈[T ] is (εrank, δrank)-JDP
for

εrank = ρrank + 2
√
ρrank · υ

=
(√

υ + εrank −
√
υ
)2

+ 2

√(√
υ + εrank −

√
υ
)2 · υ

= υ + εrank − 2
√
υ
√
υ + εrank + υ + 2

√
υ
(√

υ + εrank −
√
υ
)

= εrank + 2υ − 2
√
υ
√
υ + εrank + 2

√
υ
√
υ + εrank − 2υ

εrank = εrank.

5 Joint Differential Privacy Proof
We are now ready to present our main theoretical result: Private-Fair-Greedy satisfies JDP.

Theorem 5.1 (Private-Fair-Greedy is Jointly Differentially Private). Given a contextual linear
bandit problem with time horizon T ∈ N and feature vectors and rewards bounded such that ∥Xk,t∥+
∥yt∥ ≤ L̃ for all k ∈ [K] and t ∈ [T ], the Private-Fair-Greedy algorithm satisfies (ε, δ)-joint
differential privacy.

The proof follows mainly by noting that DP guarantees are immune to post-processing and by
application of results in DP composition [DRV10; HSV25].

Proof Sketch. Elementary composition techniques allow us to consider the privacy loss associated
with each time step t separately before combining them together to form a final bound. Using
unions to represent composition, elementary arguments thus allow for the following deconstruction:

Loss =
T∪
t=1

Loss(t) =
T∪
t=1

(
Lossreg(t) ∪ Lossrank(t)

)
.

Yet our analysis of privacy in Sections 4.1 and 4.2 are based on the composition of regression and
rank estimation first over rounds and then between the two components. That is, ideally, we hope
for composition of the form

Loss =
( T∪

t=1

Lossreg(t)
)
∪
( T∪

t=1

Lossrank(t)
)
,

in part because it allows for black box reduction to the privacy guarantees of [SS18] for our shared
regression technique, and because it dramatically simplifies our argument. That this type of com-
position argument is indeed possible is a non-trivial observation: interactions between the private
regression and private rank estimation steps of the algorithm (as the latter is based on the output
of the former) could make the privacy guarantees of each inseparably connected. Nevertheless,
Theorem 1.2 in [HSV25] guarantees exactly our desired result: the concurrent composition of in-
teractive continual mechanisms is (ε, δ)-DP for the same (ε, δ) that hold for the composition of
non-interactive mechanisms. Thus, we can first consider the cumulative privacy loss for private
regression across all time steps (Lemma 4.1) before separately calculating the cumulative privacy
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loss for rank estimation (Lemma 4.2).

The remainder of the proof follows from basic composition and post-processing. We note that, at
time t, the algorithm depends only on the regression estimate θ̂t̃, the rank estimates {F̂k,t(⟨Xk,t, θ̂t̃⟩)}t∈[T ],
and the dataset Dt (see Step 7). By Lemma 4.1, the first variable is (ε, δ)-DP across all T , and, by
Lemma 4.2, the second variable is (ε, δ)-JDP across all T . The final component depends only on
the data at time t. Hence, it follows that Private-Fair-Greedy is (ε, δ)-JDP.

6 Empirical Results
We evaluate the performance of Private-Fair-Greedy on the U.S. Census Adult dataset, as pro-
vided by the folktables library and following the pipeline introduced by [GAF+22]. This setting
models a sequential “hiring” scenario, where an agent must select one candidate from a pool of
K individuals (arms) per round. We set K = G, where each arm corresponds to one of G racial
groups derived from the RAC1P attribute in the dataset, with only G = 4 groups represented given
more than 50,000 samples retained. Context vectors are constructed from demographic features,
including age, class of worker, education level, marital status, place of birth, relationship status,
occupation, hours worked per week, sex, and race. In this “hiring” setting, the true reward for
selecting a candidate is based on their potential income, which is modeled as a linear function of
their context vector. Thus, the ground-truth coefficients for this linear function are learned via
regression on a hold-out training set. This dataset and reward structure are identical to those
used in the original [GAF+22] implementation, which facilitates a direct comparison between our
private fair policy and the existing non-private fair policy.1

6.1 Setup & Baselines
We compare our algorithm against two baselines: the non-private Fair-Greedy algorithm of
[GAF+22] and the standard OFUL algorithm [APS11]. Fair-Greedy explicitly optimizes for group
meritocratic fairness. In contrast, OFUL maximizes expected reward (thus minimizing standard
pseudo-regret) subject to confidence bounds.

All algorithms are evaluated over T = 50,000 rounds, repeated across 10 trials with distinct random
seeds for noise generation. Private-Fair-Greedy is run with total privacy parameters ε = 15 and
δ = 0.1, as well as privacy-budgeting hyperparameters αε = αδ = 0.9, which refer to the proportion
of the privacy budget allocated to the private regression step of the algorithm. We remark that
ε and δ were chosen as empirically low values that still demonstrate (within a reasonable T ) the
learning of Private-Fair-Greedy. Furthermore, αε = αδ were also chosen empirically, though
more granular simulations could be run to optimize these hyperparameters given (ε, δ). Select
examples of these empirical comparisons can be found in Figures A.1, A.2, A.3, A.4. Finally, we
calculate the L̃ parameter from the dataset for continually private regression — we acknowledge
that this step was not considered explicitly in our algorithm or privacy analysis, noting instead that
this calculation exists to represent an assumption that our dataset is defined given known bounds.

6.2 Fairness Across Groups
Figure 1 presents the percentage of times an arm belonging to each group (G1 through G4) was se-
lected across T = 50,000 rounds for each algorithm. The dotted line at 25% represents the expected

1Our repository (https://github.com/andrewp2303/DP-GMFBandits) extends [GAF+22]’s public codebase.
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Figure 1: Percentage of times an arm from a given group (G1–G4) was selected by each algorithm.
Dotted line indicates 25%, corresponding to 100%/K where K = 4 is the number of arms.

selection rate per group under perfect demographic parity, given that one arm is selected from
among a pool of K = 4 in each round. As anticipated, Fair-Greedy and Private-Fair-Greedy
closely approximate this parity across groups. In contrast, but as expected, OFUL, which does not
incorporate fairness constraints, demonstrates significant bias by frequently selecting arms from
one group (G3) while neglecting others (G2, G4).

6.3 Fair Pseudo-Regret

Figure 2: Cumulative fair pseudo-regret for each algorithm over T = 50,000 rounds.

We next measure deviation from group meritocratic fairness using cumulative fair pseudo-regret
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(Definition 2). Figure 2 plots this measurement for each algorithm against the number of rounds T .

These results demonstrate the distinct behavior of each of the three algorithms. The non-private
Fair-Greedy policy accrues near-zero cumulative fair pseudo-regret over the horizon, indicating
that its selections closely approximate those of an optimal GMF policy. The standard OFUL policy
shows approximately linear growth in fair pseudo-regret, which makes intuitive sense: without a
notion of fairness incorporated into the policy’s reward measurements, we should expect consistent
violations of GMF over time. Finally, the Private-Fair-Greedy policy (like the non-private ver-
sion) exhibits sublinear growth in cumulative fair pseudo-regret — however, within the evaluated
horizon of T = 50,000 rounds, the fair pseudo-regret is much higher than that of OFUL, suggesting
that the noise we introduce causes serious degradation within this horizon, even with the privacy
loss parameters ε = 15, δ = 0.1.

6.4 Limitations
While our empirical results demonstrate the behavior of Private-Fair-Greedy in a semi-realistic
“hiring” scenario, it is important to acknowledge several limitations of the current evaluation.
First, the scale of the experimental setup, given a relatively small number of arms and corre-
sponding sensitive groups (K = G = 4), may not accurately reflect the challenges of real-world
applications that involve significantly more candidates per round (e.g. in the context of a different
sensitive attribute) or consider finer-grained and intersectional group distinctions. Generalizing
the observed results to these more complex settings appears feasible given the current dataset and
problem setting but is beyond the immediate scope of what we aimed to accomplish with this work.

Additionally, our evaluation is conducted over a fixed horizon of T = 50,000 rounds. This bound is
primarily due to computational constraints, particularly those associated with the relative rank es-
timation step for Fair-Greedy and Private-Fair-Greedy. Addressing this bottleneck and running
the algorithm over a longer horizon would be helpful for further understanding Private-Fair-Greedy’s
asymptotic behavior and allow for greater exploration.

7 Conclusion & Future Work
In this project, we extend the implementation of the Fair-Greedy algorithm for the contextual
linear bandit problem presented by [GAF+22] to pursue not only group meritocratic fairness but
also joint differential privacy. We motivate the implementation of a differential privacy guarantee
for the algorithm in the context of its real-world use case and show that our Private-Fair-Greedy
algorithm satisfies (ε, δ)-JDP. We also provide an empirical evaluation of the fairness and perfor-
mance of the Private-Fair-Greedy algorithm, as well as comparisons to the original Fair-Greedy
algorithm and OFUL.

A natural extension of our theoretical results is to provide regret analysis for Algorithm 1. This
analysis is beyond the immediate scope of this course, but would nonetheless be valuable for the-
oretically interpreting the performance of the Private-Fair-Greedy policy. Moreover, we note
that we provide one method for privatizing the Fair-Greedy algorithm of [GAF+22] to satisfy
the definition of joint differential privacy through specific implementations of a continually private
regression and private relative rank estimation. We recognize that there exist other methods for
privatizing these components of the algorithm, and, moreover, implemented several; alternative
implementations of private ridge regression and relative rank estimation remain in the repository
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history, with a theoretical analysis of these implementations’ privacy guarantees left to future work.
Furthermore, Private-Fair-Greedy involves the implementation of a method for continually pri-
vate regression but not continually private rank estimation — we envision a potential extension of
this algorithm to involve the latter as well.

Given the relevance of the contextual linear bandit setting to high-stakes fields where consequential
decisions are made about individuals using their sensitive attributes, it remains highly important
to examine how algorithms in this setting can provide guarantees of both privacy and fairness. We
hope that continued work at this intersection will contribute to the development of algorithms that
satisfy normative desiderata for safe and effective machine learning.

Contributions
Andrew: Problem Formulation, Private Relative Rank Estimation, Empirical Results, Appendix,
all code implementation and experimentation (see Github repo), revisions.

Esther: Abstract, Related Work, Private Relative Rank Estimation, Regression, Conclusion & Fu-
ture Work, Poster, zCDP Proof, Continually Private Regression code, revisions.

Phevos: Introduction, Problem Formulation, Private-Fair-Greedy Policy overview, Continually Pri-
vate Regression, Joint DP Proof, Continually Private Regression code, revisions.
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A Appendix: Additional Experimental Results

Figure A.1: Effect of ε ∈ {1, 5, 15, 50} on fair pseudo-regret (with fixed δ = 0.1, αε = 0.9, αδ = 0.9).
As ε increases, regret decreases, confirming the expected privacy-utility tradeoff.
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Figure A.2: Effect of δ ∈ {0.001, 0.01, 0.1} on fair pseudo-regret (with fixed ε = 15, αε = 0.9, αδ =
0.9). Larger δ’s allow more slack for privacy violations, resulting (as expected) in lower fair pseudo-
regret.

Figure A.3: Effect of αε ∈ {0.5, 0.7, 0.9} on fair pseudo-regret (with fixed ε = 15, δ = 0.1, αδ = 0.9).
This controls how the privacy budget is split between regression and rank estimation, so we find
that greater values (more budget for regression) yield slightly lower fair pseudo-regret.
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Figure A.4: Effect of αδ ∈ {0.5, 0.7, 0.9} on fair pseudo-regret (with fixed ε = 15, δ = 0.1, αδ = 0.9).
As with αε, we again find that greater values yield lower fair pseudo-regret.
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